Many intriguing patterns are driven by fluid instabilities, even down to micrometer and nanometer scales, with numerous technological and industrial applications. Here, we propose a novel physical mechanism for filament formation in a stretched viscous sheet by combining stretching and van der Waals forces. We show that a transverse instability is enhanced while the longitudinal instability is suppressed, resulting in filamentation. We find a close agreement between the experimental data and the predictions of a linear-stability analysis. These results offer a pathway to achieving sophisticated microstructuring-nanostructuring for functional devices in either a single fiber or in integrated fabrics for large-scale textiles.
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I. INTRODUCTION
Liquid sheets are ubiquitous in nature at both small scales (such as tear films in eyes) and large scales (such as flows of continental ice sheets in geology), while being essential for many industrial applications (including painting, coating, microfluidics, and manufacturing of glass and plastics) [1, 2] . Instability of liquid sheets can be observed in a host of fascinating patterns. For example, a moving sheet disintegrates into droplets due to an inertial effect [3, 4] . A viscous sheet experiencing an external force undergoes buckling, coiling, or wrinkling instabilities [5] [6] [7] [8] . In addition, as thickness is decreased down to hundreds of nanometers and the van der Waals force (London dispersion force) begins to play a dominant role, a sheet driven by spinodal dewetting spontaneously ruptures into a random array of droplets [9, 10] .
Recently, another instability has been identified when a viscous sheet, subjected to a unidirectional stretching, evolves into an array of continues filaments arranged orderly during a process of thermal drawing [11, 12] . This pattern, an array of continuous filaments, is unlike that of other fluid instabilities that typically produced droplets (for example, in spinodal dewetting of a thin sheet or in capillary-instability breakup of a cylindrical jet). In this phenomenon, stability is preserved along the longitudinal (stretching) direction, while instability occurs exclusively along the transverse (perpendicular to the stretching) direction. Therefore, we use the term "anisotropic instability of a stretching viscous sheet" (AISVS) for this physical phenomenon.
Indeed, much progress has been made to address the physical mechanism of AISVS. For example, as a heuristic model, a fluid-front instability was proposed, but the prerequisite presence of a specific cylindrical shape for the fluid front was ambiguous [11] . A simple geometrical argument might explain the preferential instability along the transverse direction, but the mechanism of instability was obscure [13] . Moreover, van der Waals forces might be relevant at these scales, but the effect of stretching was neglected and the source or longitudinal stability was still unclear [14] . Thus, the underlying mechanism remains perplexing and needs to be further elucidated. Nevertheless, the observation of AISVS has inspired interdisciplinary research to utilize fluid instabilities in fibers, such as in-fiber nanostructures manufactured via capillary instabilities [15, 16] .
In this paper, we propose a physical mechanism for AISVS by taking into account both van der Waals forces and the effect of stretching. By employing linear stability analysis and performing numerical calculations, we find that the transverse instability is enhanced while the longitudinal instability is suppressed. The theoretical predictions agree remarkably well with experiments for fiber systems.
This paper is organized as follows. In Sec. II, a general physical mechanism for AISVS is briefly proposed. In Sec. III, a mathematical model is presented: describing the effect of stretching and the changes of sheet shape (Sec. III A), building linear theory of the dewetting instability of a sandwiched sheet with a uniform thickness arising from the van der Waals force (Sec. III B), and finally obtaining the total growth rate by integrating local growth rates to take into account the stretching effect (Sec. III C). Then, in Sec. IV, numerical predictions of anisotropic instabilities in stretching sheets are studied by comparing the total growth rates of perturbations along the transverse and longitudinal directions. Moreover, in Sec. V, the proposed model is applied to thermal drawing to understand the observed instability and breakup. Last, we conclude in Sec. VI with a summary and a discussion of the future opportunities for AISVS.
II. PHYSICAL MECHANISM
Let us begin with a qualitative discussion of a possible mechanism for the transverse instability and the longitudinal stability in AISVS, and summarize the key parameters. First, since AISVS was observed at the microscopic length scale, van der Waals forces should become significant and may lead to the transverse instability, similar to dewetting phenomena. Secondly, we conjecture that the effect of stretching for a sheet might be analogous to that of a continuous falling viscous jet under gravity, and hence the longitudinal instability is suppressed [17] . In thermal drawing, a cylindrical preform (a thin glass sheet in a polymer matrix) is heated into a viscous state and stretched by a drawing force as shown in Fig. 1(a) . For the typical geometrical parameters, the radii of interfaces are 2R 1 ∼ 2R 2 ∼ R 3 ∼ 1 cm at the inlet, while the thickness are H 0 = R 2 − R 1 < 10 μm and the stretching length is L > 10 cm (the ratio between initial film thickness and stretching length, ε = H 0 /L = 10 −4 1) [11, 12] . The viscosity μ 2 of glass sheet varies from 1 to 10 5 Pa s, while the polymer viscosity μ 1 is about 10 5 Pa s [11, 12] . Since the radii are so much larger than the layer thicknesses, we can simplify our model of thermal drawing [ Fig. 1(a) ] by neglecting the curvature effect, approximating the cylindrical geometry by three-layer liquid sheets: a viscous sheet with initial thickness H 0 sandwiched within another fluid, stretched over a length L [ Fig. 1(b) ]. Our proposed mechanism of AISVS is illustrated in Fig. 1(c) : (i) a viscous sheet undergoes elongation deformation when subjected to stretching; (ii) perturbations are amplified by a transverse instability; (iii) because of stretching, the longitudinal stability persists. Consequently, this anisotropic instability results in an array of filaments.
III. MATHEMATICAL MODEL
We consider a viscous liquid sheet with viscosity μ 2 , thickness H 0 , velocity w 0 , and width 2 0 = 2π R 1 at the inlet, sandwiched within another fluid of high viscosity μ 1 , that is stretched by a drawing force over a length L to the take-up speed w f , as seen in Fig. 1(b) . The drawing ratio can be described 073902-2 (a) by the final scaling factor S f ≡ (w f /w 0 ) 1/2 , an experimental parameter. The coordinates are chosen so that the x axis is parallel to the width, the y axis is parallel to the thickness, and z axis is parallel to the flow (stretching) direction, with the origin located in the midplane of the liquid sheet.
Using the thin-film assumption ε 1 and neglecting the inertia (the Reynolds number Re 1 during thermal drawing [11, 13] ), gravity, and surface tension (negligible with respect to the drawing force), the Stokes equations and continuity equations reduce to a two-dimensional system of evolution equations for the sheet thickness H = H (x, z) and in-plane velocities u = u(x, z) and w = w(x, z) [6, 18] ,
with the stress tensor components
As the sheet thickness varies slowly in the longitudinal direction (ε 1), the growth of perturbations can be treated by a local analysis in which H is taken to be nearly constant, as discussed below.
A. Lateral shape of a stretching sheet in the steady state
A stretching thin sheet with evolution Eqs. (1) has been thoroughly studied for various ratios a = /H of half width to length H by Scheid [18] ; in thermal drawing, the ratio is a = π R 1 /L ≈ 0.15. In particular, the shape of stretching sheet in the steady state can be obtained by following Scheid's method [18] to solve the evolution equations (1) with the time derivatives set to zero. In Fig. 2 , the attenuation rates of thickness S H = H 0 /H and width S = 0 / along the sheet are depicted at the final scaling factor S f = 10. According to Scheid's study [18] , there is a one-dimensional "fiber limit" case, when the width is as small as the thickness. In this case, the transverse stress is σ zz = 0 and the evolution equations are [18] w H = const, 3μ 2 H∂ z w = const.
From the above Eq. (2), the velocity is
Consequently, In the fiber limit, the width and thickness of the sheet are attenuated in the same
This scale factor S at S f = 10 in the fiber limit is shown in Fig. 2 , along with exact solutions for the attenuations S H = H 0 /H and S = 0 / from the full two-dimensional Eqs.
(1) at a = 0.15. We find that S ≈ S H ≈ S , and thus we can conveniently use the analytical solution from the fiber limit (a 1) as a good approximate solution for our steady-state shape.
B. Linear theory of dewetting instability for a sandwiched sheet
To analyze the growth of perturbations along the stretching sheet, we will determine the local perturbation growth rate at certain position z c with sheet thickness H c . For a sheet with a constant thickness H c without stretching, perturbations along the stretching direction and along the transverse direction grow independently in linear stability theory (the problem is separable), and the perturbations with a same wave number k in these two directions have the same growth rates
Although dewetting driven by the van der Waals force has been extensively studied, a general dispersion relationship for the dewetting instability in a sandwiched liquid sheet that includes the effect of the surrounding viscosity seems to be absent from the literature. Thus, a linear analysis is performed to obtain the following dispersion relation between the perturbation growth rate ω and the wave number k (see the derivation in the Appendix A and Ref. [14] ),
This equation is in dimensionless form, with growth rate Ω = ωμ 1 H c /γ , wave number K = kH c , and viscosity ratio η = μ 2 /μ 1 . The van der Waals force is incorporated into the analysis by the Hamaker number A, with α = A/(H 2 γ ) denoting the ratio of the van der Waals force to the interfacial tension γ . The resulting Ω (K, 100, 1) relationship is shown in Fig. 3(a) . The instability is dominated by the maximum rate Ω m and the corresponding wave number K m , shown as a function of α in Fig. 3(b) . The growth rate Ω m increases with α; gradually, the van der Waals force becomes dominant and drives the dewetting instability.
C. The total growth rate of perturbations in two directions
In Sec. III A, we presented an approximate solution for the stretching sheet in thermal drawing, exploiting the one-dimensional "fiber limit." Along the longitudinal direction, stretching extends the length of fluid elements at a rate S 2 due to the flow continuity, while the width and thickness are attenuated proportionate to S. Hence, the wave number of a perturbation along the stretching direction (k ) and the transverse direction (k ⊥ ), along with the sheet thickness (H), at any given time are related to their values at an initial position z p and time t p by
This stretching of wave numbers changes the development of instabilities along the two directions via the dispersion relation Eq. (5) in the previous section. In order to quantitatively evaluate this effect, we adopt the approach of a total growth rate obtained by integrating local growth rate, which was suggested to study the perturbation growth of a falling liquid jet and the stability of continuous filaments [11, 17] . For our stretching sheet, the total growth rate is found independently along the longitudinal (Φ ) and transverse (Φ ⊥ ) directions, and is given by 
Here, we employ the dimensionless numbers α 0 = A/(H 2 0 γ ) (H 0 is the thickness of the sheet at z = 0) and K ⊥ = k ⊥ H and K = k H. By using the local-velocity relationship dτ = dξ/w, the time integral has been transformed into a spatial integral.
More generally, based on the two-dimensional stretching model Eq. (1) in the steady state rather than the fiber limit, the total growth rates of perturbations along the transverse and longitudinal directions are also derived in the Appendix B.
IV. NUMERICAL CALCULATION OF ANISOTROPIC INSTABILITY
Based on the mathematical model in Sec. III, we can quantitatively investigate the effect of stretching on the instability. The total growth rates of perturbations along the stretching direction Φ and along the transversal direction Φ ⊥ can be calculated by substituting the scale factor Eq. (4) and the local growth rate Eq. (5) into Eqs. (7a) and (7b) (α 0 = 10
. Based on the linear theory, the amplitude of perturbation is determined by the fastest total growth rate along both directions, respectively,
Considering a perturbation is introduced at the starting point z p = 0, S(z p ) = 1, the fastest total growth rate along the longitudinal directions (Φ m ) and the transversal direction (Φ m ⊥ ) as a function of the final scaling factor S f are presented in Fig. 4(a) . Without stretching (S f = 1), the growth rate along both directions is the same (Φ m = Φ m ⊥ ), recovering the isotropic instability of dewetting. However, as stretching starts to play a role (S f > 1), an anisotropic instability phenomenon appears (Φ m < Φ m ⊥ ) and becomes more striking at larger S f . Along the longitudinal stretching direction, Φ m obviously decreases with the increased S f . According to Eq. (7a),
the wave number of the perturbation decays dramatically with stretching, up to three orders of magnitude for S f ∼ 10. This significant reduction of the wave number to K < K c correspondingly leads to a diminished growth rate, as seen in Fig. 3(a) , and the possible occurrence of breakup 073902-6 
is delayed. So the longitudinal instability can be suppressed by the stretching, although the destabilization effect of van der Waals force remains. In contrast, along the transverse direction, Φ m ⊥ is substantially enhanced. According to Eq. (7b),
the α factor is increased by up to two orders of magnitude for S f ∼ 10, although K ⊥ keeps constant. From Fig. 3(b) , the enhancement of α correspondingly results in an increase of Φ m ⊥ . In other words, as the thickness of the sheet H is reduced by stretching, the van der Waals force becomes much more influential and further accelerates the growth of instabilities. Consequently, the transverse instability is dramatically enhanced.
To further demonstrate the contrast between the enhanced instability Φ Fig. 4(b) , which can exceed two orders of magnitude. According to the similar analysis [13, 17] , breakup starts to occur once the fastest total growth rate reaches beyond a certain critical value Φ cri ,
The total growth rate along the transversal direction Φ m ⊥ is larger and consequently reaches the critical value Φ cri first,
Under this condition, breakup occurs exclusively along the transverse direction, while continuity is preserved along the longitudinal direction, resulting in AISVS. Moreover, the effect of viscosity ratio on anisotropic instability is studied by following the similar calculation steps, i.e., by substituting the scale factor Eq. (4) and the local growth rate Eq. (5) [11, 13] .
Polymer/glass/polymer 
V. APPLICATION FOR THERMAL DRAWING OF FIBERS
We now compare our theoretical predictions with experimental results for AISVS. AISVS is observed during thermal drawing for a polymer/glass/polymer fiber structure, polyethersulfone (PES)/As 2 Se 3 /PES or polysulfones (PSU)/Se/PSU (physical parameters listed in the Table I [11] ). (c)-(e) SEM imaging for evolution of instability and breakup for five final targeted film thickness of 300, 170, 90, 40, and 10 nm, respectively. (f) SEM imaging for a ribbon-fiber cross-section for a final targeted 10-nm-thick film, and its inset presenting the circular shapes. Dark color for PSU, bright color for Se, and arrow indicating the decreased targeted thickness.
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FILAMENT FORMATION VIA THE INSTABILITY OF A … viscosity As 2 Se 3 sheet (η = 1). The criterion for AISVS is Φ m ⊥ > Φ cri , where Φ cri = 2 is fixed since the amplitude of instability grows exponentially with time. As indicated in Fig. 6(a) , the breakup of As 2 Se 3 and Se sheet may occur for H 0 < 0.29 and 1.55 μm, respectively. This prediction, which implies that the final thickness of As 2 Se 3 and Se sheet subjected to AISVS (S f = 20) is below 14.5 and 77.5 nm, agrees well with the observed AISVS for As 2 Se 3 and Se below 10 and 100 nm, respectively [11] .
Moreover, for PSU/Se/PSU fiber, we further predict the dependency of the instability wavelength on the thickness H 0 in Fig. 6(b) . The theoretical wavelength (black line) is obtained from λ m = 2π S(z m )/(k m S f ), since perturbations with wave number k m introduced at z m have the fastest growth rate Φ m ⊥ . The experimental wavelength (λ exp )is measured by averaging the spacings of Se filament arrays in scanning electronic microscopic (SEM) images of fiber cross sections, and the data set (circles) in Fig. 6(b) from our previous experiments [11] (λ exp = 6, 20.8 and 29 μm for H 0 = 0.34, 1.1 and 1.9 μm, respectively) exhibits a remarkable agreement with the theory.
To further investigate the instability evolution and validate our theory, we designed a preform containing five concentric Se films of decreasing thicknesses (H 0 = 6, 3.4, 1.8, 0.8, and 0.2 μm) to target the final film thickness (300, 170, 90, 40, and 10 nm with S f = 20) and carried out another thermal draw (details in Appendix C) [19] . SEM micrographs of a fiber cross section AISVS can exist in ribbon fibers as well as cylindrical fibers, since the circumferential curvature (much larger than the layer thickness) is unlikely to be relevant for filamentation. A ribbon fiber was drawn from a flat PSU/Se/PSU preform, and SEM micrographs [ Fig. 6(f) ] indicate the breakup for a targeted 10-nm-thick film. Again, the measured instability wavelength [the diamond symbol in Fig. 6(b) ] is comparable with the theoretical prediction.
VI. DISCUSSION AND OUTLOOK
Our theoretical predictions agree well with our experimental observations, in terms of both the breakup thickness and the instability wavelength. Nevertheless, there are many opportunities for future work to further explore AISVS in theory, simulation, experiment, and application. First, a general theory should include nonlinear effects arising from late stages of the instability, inertial contributions, non-Newtonian behaviors of the molten glass, and the exact necking effect (instead of the analytical "fiber limit" approximation). These nonlinear effects might be responsible for the noticeable deviation between theory and experiment for a final targeted thickness around 10 nm (H 0 = 0.2 μm) in Fig. 6(b) . Second, direct numerical simulation might provide greater insight into instability evolution along the transverse direction for quantitative comparison with the observed patterns in Fig. 6(e) , although this involves a challenging multiscale simulation spanning several orders of magnitude (millimeters in length and micrometer or nanometers in thickness). Third, the final stage of instability and breakup was observed in this work by static SEM images of the fiber cross section, but a real-time visualization of a stretching viscous sheet would resolve the full dynamical evolution of AISVS. Last, more sophisticated nanostructures might be achieved through filamentation in two adjacent sheets or three-layer sandwiched sheets, and by utilizing the available toolbox of various materials combination (such as semiconductors, metals, and polymers) compatible with thermal drawing, one could increase the already-impressive range of functional nanodevices that can be realized in either single fibers or mass-produced in large-scale textiles [20] [21] [22] .
VII. CONCLUSION
In summary, we propose a physical mechanism of AISVS by taking into account both van der Waals forces and stretching. The stretching plays a key role in this anisotropic instability by enhancing the transverse instability and suppressing the longitudinal instability, resulting in filament formation. Moreover, the theoretical predications agree well with the experimental data. These results might provide guidance to design more sophisticated functional microdevices-nanodevices in fibers and textiles. 
Here the subscript j = 1, 2 and 3 for the fluid of three layers, u j is velocity, p j pressure, μ j viscosity, and σ j = −p j δ + μ j [∇u j + (∇u j ) T ] viscous stress tensor. The subscript i = 1, 2 for two interfaces, γ i is surface tension, κ i mean curvature, n i and t i unit normal vectors and unit tangential vectors at the interface.
Without perturbations, the three-layer thin liquid sheet is assumed to flow downstream with a uniform velocity w as a plug flow. When this steady state is disturbed by small perturbations, the following linearized governing equations and boundary conditions for perturbations can be obtained
and the sheet thickness (H) become
Consequently, the total growth rate along the longitudinal stretching direction (Φ ) and transverse direction (Φ ⊥ ) with Eqs. (B1) are
Compared to Eqs. (7a) and (7b) in the 1D "fiber limit" model, Eqs. (B2a) and (B2b) in the 2D stretching model, especially the wave numbers K and K ⊥ , are more complicated. Using the approximate solution in the 1D "fiber limit," the underlying mechanism of the anisotropic instability phenomenon can be revealed more straightforwardly.
APPENDIX C: THERMAL DRAWING FOR FIBERS
The preform was composed by five concentric Se films with the graded thicknesses embedded in PSU polymer matrix, and was consolidated under vacuum for approximately one hour at 220
• C. Then the preform was drawn in a conventional optical fiber draw tower at 260
• C. A feeding process controllably introduced the preform into the furnace with downfeed speed of 0.003 mm s −1 , and a capstan pulled the resulting fiber from the preform was 0.1 m min −1 were used. Consequently, the drawing parameters were fixed to keep a constant draw-down ratio of about 20 between the feature sizes of the initial preform and final fiber. SEM samples of a fiber were prepared by ion polishing with a JEOL cross-section polisher, and subsequently the micrographs were taken with a JEOL SEM.
